In this work we consider deformations of Leibniz algebras over a field of characteristic zero. The main problem in deformation theory is to describe all non-equivalent deformations of a given object. We give a method to solve this problem completely, namely work out a construction of a versal deformation for a given Leibniz algebra, which induces all non-equivalent deformations and is unique on the infinitesimal level.
Introduction
Deformations of different algebraic and analytic objects are an important aspect if one studies their properties. They characterize the local behavior in a small neighborhood in the variety of a given type objects.
After the classical work of Gerstenhaber in the 60's [8, 9, 10, 11, 12] , formal deformation theory was generalized in different categories. Computations were made, but the question of obtaining all non-equivalent deformations of a given object was not properly discussed for a long time. The right approach to this is the notion of versal deformation: a deformation which induces all non-equivalent ones. The existence of such a "versal" deformation for algebraic categories follows from the work of Schlessinger [25] . For Lie algebras it was worked out in [5] , and one can deduce it to other categories as well. It turns out that (under some minor cohomology restrictions) there exists a versal element, which is universal at the infinitesimal level.
In this work we consider Leibniz algebras and give a construction for a versal element. It is parallel to the general constructions in deformation theory as in [16, 24, 18, 13, 17] . The first specific method was given for Lie algebras in [6] . Here we are going to work out a similar construction for Leibniz algebras, suitable for explicit computations.
The structure of the paper is as follows: In Section 2 we give the necessary definitions for Leibniz algebras and their cohomology. In Section 3 we define the notion of deformation over a commutative local algebra base and introduce some basic definitions related to deformations. In Section 4 we construct a specific infinitesimal deformation of a Leibniz algebra, which turns out to be universal in the class of infinitesimal deformations. We also introduce the notion of versal deformation: a deformation which is unique on the infinitesimal level and induces all other deformations. Section 5 deals with obstructions of extending a deformation from a given base to a larger base. In Section 6 we give the construction of a versal deformation and in Section 7 we illustrate our theory by some examples.
Leibniz Algebra and its Cohomology
Leibniz algebras were introduced by J.-L. Loday [19, 21] and their cohomology was defined in [22, 20] . Let us recall some basic definitions. Any Lie algebra is automatically a Leibniz algebra, as in the presence of antisymmetry, the Jacobi identity reduces to the Leibniz identity. More examples of Leibniz algebras were given in [22] , and recently for instance in [1, 2] .
Let L be a Leibniz algebra and M a representation of L. By definition, M is a K-module equipped with two actions (left and right) of L, holds, whenever one of the variables is from M and the two others from L.
Define CL n (L; M ) := Hom K (L ⊗n , M ), n ≥ 0. Let
be a K-homomorphism defined by
Then (CL * (L; M ), δ) is a cochain complex, whose cohomology is called the cohomology of the Leibniz algebra L with coefficients in the representation M . The nth cohomology is denoted by HL n (L; M ). In particular, L is a representation of itself with the obvious action given by the bracket in L. The nth cohomology of L with coefficients in itself is denoted by HL n (L; L).
Deformations
We introduce the notion of deformation of a Leibniz algebra over a commutative algebra base. For an analogous definition for Lie algebras see [5, 6] . Fix a field K of characteristic zero. Let L be a Leibniz algebra over K and A a commutative algebra with identity over K. Let ε : A → K be a fixed augmentation, that is an algebra homomorphism with ε(1) = 1 and ker(ε) = M. Throughout the paper we shall assume that dim(M k /M k+1 ) < ∞ for all k.
Definition 3.1. A deformation λ of L with base (A, M), or simply with base A, is an A-Leibniz algebra structure on the tensor product A ⊗ K L with the bracket
is an A-Leibniz algebra homomorphism (where the A-Leibniz algebra structure on K ⊗ L is given via ε).
A deformation of the Leibniz algebra L with base A is called local if A is a local algebra over K, and is called infinitesimal (or first order) if, in addition to this, M 2 = 0. Observe that for l 1 , l 2 ∈ L and a, b ∈ A we have
by A-linearity of [, ] λ . Thus to define a deformation λ it is enough to specify the brackets [ 
which implies
Hence we can write
where j c j ⊗ y j is a finite sum with c j ∈ ker(ε) = M and y j ∈ L.
Definition 3.2. Let A be a complete local algebra (
M is the maximal ideal in A. A formal deformation of L with base A is an A-Leibniz algebra structure on the completed tensor product
which is the projective limit of deformations with base A/M n such that
is an A-Leibniz algebra homomorphism.
Definition 3.3. Suppose λ 1 and λ 2 are two deformations of a Leibniz algebra L with base A. We call them equivalent if there exists a Leibniz algebra
We write λ 1 ∼ = λ 2 if λ 1 is equivalent to λ 2 .
] then a formal deformation of a Leibniz algebra L over A is precisely a formal 1-parameter deformation of L(see [4] ).
Definition 3.5. Suppose λ is a given deformation of L with base (A, M) and augmentation ε : A → K. Let A ′ be another commutative algebra with identity and a fixed augmentation ε
Remark 3.6. If the bracket [, ] λ is given by
then the bracket [, ] φ * λ can be written as
4 Universal Infinitesimal Deformation
In this section we construct a specific infinitesimal deformation of a Leibniz algebra L, which turns out to be universal in the class of all infinitesimal deformations of L. Let L be a Leibniz algebra which satisfies the condition dim(HL 2 (L; L)) < ∞. This is true for example, if L is finite dimensional. Let us denote the space HL 2 (L; L) by H throughout the paper. Consider the alge-
the dual of H . Observe that the second summand is an ideal of C 1 with zero multiplication. Fix a homomorphism
which takes a cohomology class into a cocycle representing it. Notice that there is an isomorphism H ′ ⊗ L ∼ = Hom (H ; L), so we have
Using the above identification, define a Leibniz bracket on C 1 ⊗ L as follows.
where the map ψ : H −→ L is given by
It is straightforward to check that C 1 ⊗ L along with the above bracket is a Leibniz algebra over C 1 . The Leibniz identity is a consequence of the fact that δµ(α) = 0 for α ∈ H . Hence we get an infinitesimal deformation of L with base
Proposition 4.1. Up to an isomorphism, this deformation does not depend on the choice of µ.
Proof. Let
be another choice for µ. Then for α ∈ H , the cochains µ(α) and µ
is a coboundary. Hence we can define a homomorphism
where
It remains to show that ρ preserves the bracket. Let (
Therefore, up to an isomorphism, the infinitesimal deformation obtained above is independent of the choice of µ.
We shall denote this deformation of L by η 1 .
Remark 4.2. Suppose {h i } 1≤i≤n is a basis of H and {g i } 1≤i≤n is the dual basis.
In particular, for l 1 , l 2 ∈ L we have
The main property of η 1 is the universality in the class of infinitesimal deformations with a finite dimensional base (Proposition 4.4).
Let λ be an infinitesimal deformation of the Leibniz algebra L with a finite dimensional base A. Let {m i } 1≤i≤r be a basis of M = ker(ε) and {ξ i } 1≤i≤r be the dual basis. Note that any element ξ ∈ M ′ can be viewed as an element in the dual space A ′ with ξ(1) = 0. For any such ξ set
This defines a cochain
If we set ψ i = α λ,ξi for 1 ≤ i ≤ r, the Leibniz bracket (1) in terms of the basis of M takes the form
Proof. By definition,
Observe that
Moreover,
Similarly,
It follows that
= 0 (by the Leibniz relation).
Proposition 4.4. For any infinitesimal deformation λ of a Leibniz algebra L with a finite dimensional base A there exists a unique homomorphism φ :
Proof. Let λ be an infinitesimal deformation of a Leibniz algebra L with base A, where A is a finite dimensional local algebra over K and M is the maximal ideal in A. Let dim(M) = r. Suppose {m i } 1≤i≤r is a basis of M and {ξ i } 1≤i≤r be the corresponding dual basis of M ′ . For ξ i ∈ M ′ let a λ,ξi ∈ H be the cohomology class of the cocycle α λ,ξi . The correspondences
We claim that (a) Two deformations λ 1 and λ 2 are equivalent if and only if a λ1 = a λ2 .
is equivalent to λ. Let λ 1 and λ 2 be two equivalent deformations of the Leibniz algebra L with base A. Then there exists an A-Leibniz algebra isomorphism
We shall use the following standard identifications.
In terms of bases of M and M ′ , the above isomorphisms are given as follows.
The map ρ is a Leibniz algebra homomorphism if and only if
If we take ψ i k = α λ k ,ξi 1 ≤ i ≤ r for k = 1 and 2, we have
Therefore, ρ is a Leibniz algebra homomorphism if and only if a λ1 = a λ2 . This proves (a). Now consider the map
By (a) it is enough to show that α φ * η1 = µ • a λ . Let {h i } 1≤i≤n be a basis of H and {g i } 1≤i≤n be the corresponding dual basis of H ′ . By Remarks 3.6 and 4.2 we have
The uniqueness part of the theorem follows from the definition of φ.
Suppose A is a local algebra with the unique maximal ideal M and π :
If λ is a deformation of L with base A then π * λ is a deformation with base A/M 2 and it is clearly infinitesimal. Therefore by the previous proposition we have a map It follows from Proposition 4.4 that equivalent deformations have the same differential. We have constructed in this section the universal infinitesimal deformation and our goal is to extend it to a versal one. It is known that in the category of deformations of an algebraic object generally there is no universal deformation [15] . But under certain natural conditions it is possible to get a "versal" object, which still induces all non-equivalent deformations. Proof. Follows from the general theorem of Schlessinger [25] , like it was shown for Lie algebras in [5] .
Obstructions
The aim of this section is to study obstructions in extending deformations. For this we need the interpretation of 1-and 2-dimensional Harrison cohomology of a commutative algebra. Let us recall some definitions and results from [14] . Let A be a commutative algebra with 1 over K . Let (C q (A), δ) denote the standard Hochschild complex, where C q (A) is the A-module A ⊗(q+1) with A acting on the first factor by multiplication of A. Let Sh q (A) be the A-submodule of C q (A) generated by chains
for a 1 , a 2 , . . . , a q ∈ A ; 0 < p < q.
It turns out that Sh * is a subcomplex of C * (A) and hence we have a complex called the Harrison complex 3. An extension B of an algebra A by an A-module M is a Kalgebra B together with an exact sequence of K-modules
where p is a K-algebra homomorphism, and the B-module structure on i(M ) is given by the A-module structure of M by i(m) · b = i(mp(b)). 
Let λ be a deformation of a Leibniz algebra L with a finite dimensional local base A and augmentation ε.
is a representative of the class of 1-dimensional extensions of A, corresponding to the cohomology class of f . Let
is a K -module isomorphism B −→ (A ⊕ K). Let us denote by (a, k) q ∈ B the inverse of (a, k) ∈ (A ⊕ K) under the above isomorphism. The cocycles f representing the extension is determined by
On the other hand, f determines the algebra structure of B by
Suppose dim(A) = r +1 and {m i } 1≤i≤r is a basis of the maximal ideal M A of A.
where (3) and (4), we have 2-
It is routine to check that the B-bilinear map {, } satisfies
So the Leibniz algebra structure λ on A⊗L can be lifted to a B-bilinear operation
It is clear that {, } satisfies the Leibniz relation if and only if φ = 0. Now from property (i) in (7) and the definition of φ it follows that
Therefore φ takes values in ker(P ). Observe that φ(l 1 , l 2 , l 3 ) = 0, whenever one of the arguments belongs to ker(E). Suppose
The other two cases are similar. Thus φ defines a linear map
induces an isomorphism
given by β(kn r+1 ⊗ l) = kl with inverse β −1 (l) = n r+1 ⊗ l. Thus we get a linear
φ are related by
We claim that the cochainφ is a cocycle. The coboundary δφ consists of 10 terms . Let us rewrite the first term of β −1 • δφ as follows.
Similarly, computing other terms and substituting in the expression of β −1 • δφ,
Let us show now that the cohomology class ofφ is independent of the choice of the lifting {, }. Suppose {, } and {, } ′ are two B-bilinear operations on B ⊗ L, lifting the Leibniz algebra structure λ on A ⊗ L. Letφ andφ ′ be the corresponding cocycles.
L is a B-linear map. Observe that (7 )).
Thus ρ takes values in ker(P ) and induces a linear map
Hence we get a 2-cochainρ :
As before, for
. Then a straightforward computation yields
Hence (φ ′ −φ) = δρ.
Suppose a B-bilinear operation {, } is given on B ⊗ L, lifting the Leibniz algebra structure [, ] 
easy to see that {, } ′ is a lifting of [, ] λ such that the 2-cochainρ induced by the difference {, } ′ − {, }, is the given 2-cochain ρ.
The above consideration defines a map θ λ : 
and define a new linear map
Ifφ ′ denotes the cocycle corresponding to {, } ′ , we haveφ ′ −φ = δρ ′ = −φ.
Henceφ ′ = 0 which implies φ ′ = 0. Therefore, {, } ′ is a Leibniz algebra structure on B ⊗ L extending λ. The converse is clear.
Harr (A; K). Let us denote by S the set of all isomorphism classes of deformations µ of L with base B such that p * µ = λ. The group of automorphisms A of the extension (10) has a natural action σ 1 of A on S, given by µ → u * µ for u ∈ A. This is clearly well-defined, because if
On the other hand, H acts on S as follows. 
This allows us to introduce a map σ 2 :
determines ψ. The above discussion shows that the map is well-defined. It is clear that the action is transitive. Let us consider the relationship between the two actions σ 1 and σ 2 on S. 
We need to show that the 2-cocycle determined by the difference [, ] u * µ − [, ] µ can be represented by dλ(h). One can easily prove this by choosing a basis {m i } 1≤i≤l of M/M 2 and writing out [, ] u * µ − [, ] µ in terms ofm i . Namely, using the notations of Section 4, one gets
Thus the cocycle determined by this difference is
On the other hand for the dual basis
This completes the proof.
Corollory 5.8. Suppose that for a deformation λ of the Leibniz algebra L with base A, the differential dλ : T A −→ H is onto. Then the group of automorphisms A of the extension (10) operates transitively on the set of equivalence classes of deformations µ of L with base B such that p * µ = λ. In other words, if µ exists, it is unique up to an isomorphism and an automorphism of this extension.
Suppose now that M is a finite dimensional A-module satisfying the condition MM = 0, where M is the maximal ideal in A. The previous results can be generalized from the 1-dimensional extension (10) to a more general extension
If we try to extend a deformation with base A to a deformation with base B, as in the beginning of the this section, then an analogous computation yields
It will give rise toφ ∈ CL 3 (L; M ⊗ L) with the cohomology class
The obstruction map for this extension is
Then, as in the case of 1-dimensional extension, we have the following. We end this section with the following naturality property of the obstruction map.
Proposition 5.10. Suppose A 1 and A 2 are finite dimensional local algebras with augmentations ε 1 and ε 2 , respectively. Let φ : A 2 −→ A 1 be an algebra homomorphism with φ(1) = 1 and ε 1 • φ = ε 2 . Suppose λ 2 is a deformation of a Leibniz algebra L with base A 2 and λ 1 = φ * λ 2 is the push-out via φ. Then the following diagram commutes.
Figure 1:
Harr (A 2 ; K) correspond to the classes of 1-dimensional extensions of A 1 and A 2 , represented by
Fix some sections q k :
Then, as in (5), we get
under the above isomorphisms. The algebra structures on A ′ k are determined as in (6) . Define ψ :
It is clear that ψ is a K-algebra homomorphism. Thus we get a homomorphism between the two extensions given by 
for k = 1, 2 and l 1 , l 2 ∈ L. We know that {, } k satisfies properties (i) and (ii) of (7).
We claim that ψ ⊗ id preserves the liftings. It is enough to show that
Let φ k be defined by {, } k as in (8) andφ k the corresponding cocycle as in (9) . As ψ(n 2(r2+1) ) = n 1(r1+1) , it follows from the definition of φ k and the previous claim that [
Construction of a Versal Deformation
In this section we give an explicit construction of versal deformation of a given Leibniz algebra following [6] .
Consider the Leibniz algebra L with dim(H) < ∞. Set C 0 = K and
where the multiplication in C 1 is defined by
Let η 1 be the universal infinitesimal deformation with base C 1 as constructed in Section 4. We proceed by induction. Suppose for some k ≥ 1 we have constructed a finite dimensional local algebra C k and a deformation η k of L with base
′ be a homomorphism sending a cohomology class to a cocycle representing the class. Let
′ be the dual of µ. By Proposition 5.4 (ii) we have the following extension of C k :
The corresponding obstruction
We have an induced extension
′ ) and i k+1 , p k+1 are the mappings induced byī k+1 andp k+1 , respectively. Observe that the algebra C k is also local. Since C k is finite dimensional, the cohomology group H 2 Harr (C k ; K) is also finite dimensional and hence C k+1 is finite dimensional as well.
Remark 6.1. It follows from Proposition 5.2 that the specific extension (11) has the following "universality property". For any C k -module M with MM = 0, (11) admits a unique homomorphism into an arbitrary extension of C k :
Proposition 6.2. The deformation η k with base C k of a Leibniz algebra L admits an extension to a deformation with base C k+1 , which is unique up to an isomorphism and an automorphism of the extension
Proof. ¿From the above construction of the extension (12) it is clear that the corresponding obstruction map is the restriction of ω k ,
Hence, it is the zero map. Thus the result follows from Proposition 5.9.
By induction, the above process yields a sequence of finite dimensional local algebras C k and deformations η k of the Leibniz algebra L with base C k
such that p k+1 * η k+1 = η k . Thus by taking the projective limit we obtain a formal deformation η of L with base
Next, we give an algebraic description of the base C of the versal deformation. For that we need the following Proposition from [14] . 
is of the form
where a i ∈ K and f i is a monomial of degree i in n variables g 1 , . . . , g n for
with constant term being equal to zero.
Proposition 6.4. For the local algebra C k we have
Proof. By construction,
and I = I k in Proposition 6.3, we getC k+1
In the previous construction, C k+1 is the quotient ofC k+1 by an ideal contained in
proof is now complete by induction.
Moreover, under the above identification of T C k with H, the differential dη k : T C k −→ H is the identity map.
Proof. We have
with kernel M 2 /I k which corresponds to an isomorphism
As a result we get an isomorphism
Observe that for any k ≥ 1, T C k = (
The last assertion follows from the definition of the differential.
Proposition 6.6. The complete local algebra C = lim ← − k→∞ C k can be described as
Proof. Consider the map
Since I k ⊃ M k+1 , the map φ induces an epimorphism
In the limit we get an epimorphism
]/I where I = k I k is the kernel of the epimorphism.
Finally we prove the versality property of the constructed deformation η with base C. For this we use the following standard lemma. Proof. Suppose dim(H) = n. Let {h i } 1≤i≤n be a basis of H and {g i } 1≤i≤n the corresponding dual basis of H ′ . Let A be a complete local algebra with maximal ideal M and let λ be a formal deformation of L with base A. We want to find a K-algebra homomorphism φ :
Since A is complete, we have Similarly, the extension
splits into n 2 number of 1-dimensional extensions and so on. Thus we get a sequence of 1-dimensional extensions
the projection map for the inverse system {A k , q k } k≥1 with the limit A, where
. Now we will construct inductively homomorphisms φ j : C j −→ A j for j = 1, 2 . . ., compatible with the corresponding projections C j+1 −→ C j and A j+1 −→ A j , along with the conditions φ j * η j ∼ = λ j . Define
¿From Proposition 4.4 we have φ 1 * η 1 ∼ = λ 1 . Suppose we have constructed a K-algebra homomorphism φ k : 
where ψ is given by ψ((x, k) q ) = (φ k (x), k) q ′ for some fixed sections q and q ′ of p k+1 and q k+1 respectively. Observe that by Proposition 5.10 the obstructions in extending λ k to the base A k+1 and that of η k to the base B coincide. Since λ k has an extension λ k+1 , the corresponding obstruction is zero. Hence there exists a deformation ξ of L with base B which extends η k with base C k such that ψ * ξ = λ k+1 . By Remark 6.1 we get the following unique homomorphism of extensions.
Since the deformation η k has been extended to B, the obstruction map
is zero. Therefore the composition τ
Since coker (ω
′ , the last diagram yields the following commutative diagram.
By Corollary 6.5, the differential
is onto, so by Corollary 5.8, the deformations χ * η k+1 and ξ are related by some automorphism u : B −→ B of the extension
, where ψ is as in Figure 3 . Then
Thus by induction we get a sequence of homomorphisms φ k : C k −→ A k with φ k * η k = λ k . Consequently, taking the limit, we find a homomorphism φ : C −→ A such that φ * η = λ. If M 2 = 0, then the uniqueness of φ follows from the corresponding property in Proposition 4.4.
Examples
In this final section we discuss two examples. We begin with a computation of versal deformation of a three dimensional Leibniz algebra. 
with base with all other products of basis elements being zero.
Since any Lie algebra L is a Leibniz algebra it is natural to investigate whether one recovers the same deformation picture of L if it is seen as a Leibniz algebra. The following example illustrates that a Lie algebra L when viewed as a Leibniz algebra may admit new deformations which are Leibniz algebras but not Lie algebras. Moreover, the versal deformation of L as Lie algbera and that of L when viewed as a Leibniz algebra may differ. Using the expression of ψ(e i , e j ) above we get some relations between the coefficients a k i,j . If we use the resulting relations then the matrix of ψ with respect to the ordered basis {e 1 ⊗ e 1 , e 1 ⊗ e 2 , e 1 ⊗ e 3 , e 2 ⊗ e 1 , e 2 ⊗ e 2 , e 2 ⊗ e 3 , e 3 ⊗ e 1 , e 3 ⊗ e 2 , e 3 ⊗ e 3 } of L ⊗2 and {e 1 , e 2 , e 3 } of L takes the form Let φ i for 1 ≤ i ≤ 11, be the cocycle with x i = 1 and x j = 0 for i = j in the above matrix of ψ. It is easy to check that {φ 1 , · · · , φ 11 } forms a basis of the subspace of 2-cocycles in CL 2 (L; L).
On the other hand, let ψ 0 be a 2-coboundary so that ψ 0 = δg for some 1-cochain g. Let g(e i ) = g + t 4 ⊗ φ 7 (e i , e j ) + t 5 ⊗ φ 8 (e i , e j ) + t 6 ⊗ φ 9 (e i , e j ) + t 7 ⊗ φ 10 (e i , e j ) + t 8 ⊗ φ 11 (e i , e j ).
In particular, we get 8 non-equivalent infinitesimal deformations of L given by µ i = µ 0 + tφ i for i = 1, 2, 4, 7, 8, 9, 10, 11, where µ 0 denotes the original bracket in L. Observe that φ j is skew-symmetric for j = 2, 4, 7, 8, 9 and hence the infinitesimal deformations µ j for j = 2, 4, 7, 8, 9 are Lie algebras. A similar computation yields that 2-dimesional Chevalley-Eilenberg cohomology space is 5-dimesional and spanned by the cohomology classes of φ j for j = 2, 4, 7, 8, 9. Hence as before one can write down the universal infintesimal deformation of L as a Lie algebra. It follows that the universal infintesimal deformation of L as Lie algebra is not the same as the one when we view it as Leibniz algebra. Thus we see that even at the infinitesimal level the universal deformation of a Lie algebra differs from that when the Lie algebra is deformed as a Leibniz algebra. See [7] for some computation of versal deformations of 3-dimensional Lie algebras. This example shows that by deforming a Lie algebra L in the category of Leibniz algebras not only one recovers its Lie algebra deformations but can get new deformations of L which are only Leibniz algebras as one might expect.
Conclusions: In this work we gave a constructive method for Leibniz algebras for the solution of the main deformation question, suitable for specific computations. The main feature of this method is that it completely describes all non-equivalent deformations − a problem which did not have a satisfactory solution for a long time. For this we had to consider deformations with complete local algebra base, which was necessary for the existence of a versal deformation. The construction presented here is an inductive procedure, which consists of extending the base of deformation at each step. The specific description of the base of the versal deformation is useful for computations. The examples at the end illustrate the advantages of using our method.
